Deterministic lifestyling (the gradual switch from equities to bonds according to preset rules) is a popular asset allocation strategy during the accumulation phase of defined contribution pension plans and is designed to protect the pension fund from a catastrophic fall in the stock market just prior to retirement. We show that this strategy, although easy to understand and implement, can be highly suboptimal, since it does not take into account either the degree of risk aversion or the correlation over time between the plan member's salary and the stock market. It is dominated by a dynamic asset allocation strategy, which we call stochastic lifestyling, that does take these factors into account. It is even dominated by a static asset allocation strategy taking these factors into account.
Introduction
A popular asset allocation strategy for managing equity risk during the accumulation phase of a defined contribution (DC) pension plan is deterministic lifestyling. At the beginning of the plan, the contributions are invested entirely in equities. Then on a predetermined date prior to retirement (e.g., ten years), the assets are switched gradually into bonds at a rate equal to the inverse of the length of the switchover period (e.g., 10% per year). By the date of retirement, all the assets are held in bonds, which are then sold to purchase a life annuity that provides the pension. The aim of the strategy is to reduce the impact on the pension of a catas-1 trophic fall in the stock market just before the plan member retires. Although deterministic lifestyling is a simple strategy to explain to plan members and to implement, there is no evidence that it is optimal in the sense of maximising the plan member's expected terminal utility.
The purpose of this paper is to find the optimal dynamic asset allocation strategy for a defined contribution pension plan, taking into account the stochastic features of the plan member's lifetime salary progression as well as the stochastic properties of the assets held in his accumulating pension fund. Of particular importance is the fact that salary risk (the fluctuation in the plan member's earnings in response to economic shocks) is not fully hedgeable using existing financial assets. To illustrate, wage-indexed bonds could be used to hedge productivity and inflation shocks, but such bonds are not widely traded. The paper builds on Blake, Cairns & Dowd (2001) which developed a pension plan accumulation programme designed to deliver a pension in retirement that is closely related to the salary (and hence standard of living) that the plan member received prior to retirement. We call the optimal dynamic asset allocation strategy stochastic lifestyling and we compare it against various static and deterministic lifestyle strategies in order to calculate the cost of adopting suboptimal strategies. Despite the apparent increase in complexity in comparison with deterministic lifestyling, stochastic lifestyling is still a relatively easy strategy to implement in practice.
The solution technique makes use of the present value of future contribution premiums into the plan. This is not a new idea and has been used, for example, by Boulier et al. (2001) , Deelstra et al. (2000) and Korn & Krekel (2001) , building on the original work of Merton (1969 Merton ( , 1971 . Liu (2001) examines ways in which the Merton framework can be generalised in different ways to include, for example, stochastic interest rates and stochastic risk premia, but only for the case where utility is a function of the cash lump sum at the beginning of the retirement period.
Where our approach differs from these studies is in:
• the use of a salary-related numeraire or argument in the plan member's utility function 3 ; and
• assuming that the purpose of the pension plan is to deliver a pension (life annuity) in retirement rather than a cash lump sum at retirement 4 .
Although these differences do not affect the basic form of the optimal solution derived in these earlier studies, we find that the optimal proportions invested in each of the key asset classes, cash, bonds and equities, are very different. More significantly, we also find that these optimal proportions, in general, differ substantially from those implied by deterministic lifestyling (which ignores both the plan member's attitude to risk and any correlation between his salary and the returns on assets held in the fund), so that the cost of the latter strategy can be considerable in terms of the additional premiums into the plan needed to match the expected utility of the optimal strategy. Indeed we show that a strategy with a fixed asset allocation throughout the life of the plan that takes into account the correlation between the plan member's salary and the return on risky assets can, if the plan member's degree of risk aversion is sufficiently low, have a higher level of expected utility than deterministic lifestyling.
However, the optimal stochastic lifestyle asset allocation, unlike that for deterministic lifestyling, is sensitive to certain underlying assumptions, e.g., concerning the process determining interest rates. Hence, we first develop our results using a simple stochastic model in which the interest rate is deterministic (Section 2). We then extend the model to a more general stochastic setting (Section 3). This allows us to analyse separately (a) the effect of the salary-related numeraire in the utility function and (b) the pension purchased at retirement and its dependence on uncertain interest rates.
We show that in the former case the optimal asset allocation can be replicated using two efficient mutual funds, whereas the latter case needs three efficient mutual funds. One mutual fund (which is heavily dominated with equities) is designed to satisfy the risk appetite of the plan member. The second fund (which is heavily dominated with cash) is designed to hedge the salary risk within the pension plan. The third fund (which is heavily dominated with bonds) is designed to hedge interest rate risk (and hence annuity risk) in the case where interest rates are stochastic.
The first two features are straightforward to deal with and do not cause particular problems when salary is fully hedgeable (that is, when there is a complete market). The third feature, however, implies that the market is incomplete and so gives rise to qualitatively different results from the complete market case.
The structure of the simple model is as follows:
• There are two underlying assets in which the pension plan can invest: one risk free (a cash fund) and one risky (an equity fund). The risk-free asset has a price R 0 (t) = R 0 (0) exp(rt) at time t, where r is the constant risk-free nominal rate of interest. The risky asset has price R 1 (t) at time t and satisfies the stochastic differential equation
where Z 1 (t) is a standard Brownian motion and ξ 1 and σ 1 are constants. The risk premium on this asset is ξ 1 σ 1 , where ξ 1 is the market price of risk.
The solution for R 1 (t) is
• The pension plan member has a salary at time
, where µ Y is a constant and Z 0 (t) is a second standard Brownian motion independent of Z 1 (t). The σ Y 1 term allows for possible correlation between the salary and equity returns (for example, salary might be related to the profitability of the company or the general state of the economy). Y (t) has the solution
• Premiums are payable in one of two forms: either (a) as regular premiums, i.e., continuously into the plan member's individual account at the rate of πY (t), that is, premiums are a constant proportion, π, of salary, or (b) as an initial single premium, in which case π = 0.
• The value of the plan member's account (i.e., his pension wealth) is denoted by W (t). If a (possibly time-dependent) proportion p(t) of this account is invested in the risky asset then the dynamics of W (t) are governed by the SDE
• The plan member will retire at time T , is risk averse, and has a terminal utility function, u(W (T ), Y (T )), that depends both on terminal pension wealth and terminal income
where γ < 1 and γ = 0
when γ = 0.
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• The plan member's objective is to find the optimal dynamic asset allocation strategy, namely the weight in equities, p(t), to maximise his expected terminal utility.
The new numeraire is straightforward to justify. At the time of retirement, the plan member will be concerned about the preservation of his standard of living. So he will be interested in his retirement income relative to his pre-retirement salary. This is consistent with consumption-smoothing features of the life-cycle model of Ando and Modigliani (1963) .
Defining a new state variable X(t) ≡ W (t)/Y (t) allows the terminal utility to be written u(X(T
From equation (2.1.2) we can see that X(t) provides us with all the information we require to solve the problem. Additional information on W (t) and Y (t) will not alter the ultimate distribution for X(T ). In the remainder of this section, therefore we will focus on X(t) alone.
The optimisation problem can now be stated as: Maximise, over all admissible asset allocation stategies, the expected terminal utility (that is: maximise, over
We will now consider four separate cases:
• Case 2: π = 0, σ Y 0 = 0.
• Case 3: π > 0, σ Y 0 = 0.
• Case 4: π > 0, σ Y 0 = 0.
Case 1:
We will first consider Case 2. Case 1 can then be solved by taking σ Y 0 = 0. In Case 2, the salary numeraire cannot be replicated with existing financial assets, since the market is incomplete. Nevertheless we can still derive an analytical solution to the problem. The optimal expected utility (the value function) is
where
and
The associated optimal asset allocation strategy involves a constant equity weight
These results indicate that, although σ Y 0 does have an impact on the expected terminal utility, the optimal asset allocation strategy is unaffected by the size of σ Y 0 . In other words there is nothing that the plan member can do to offset the effect of unhedgeable volatility in his salary: he just has to accept its existence.
The optimal value function for Case 1 is found simply by setting σ Y 0 = 0 and the optimal asset allocation strategy is the same as in equation (2.2.1).
In both these cases, the fact that the optimal equity weight is unchanging throughout the life of the accumulation programme indicates that lifestyling, whether deterministic or stochastic, cannot be the optimal strategy.
Case 3:
Most DC pension plans involve a regular stream of contribution premiums. This leads to a significant change in the optimal asset allocation strategy. In Case 3, the future premiums can be fully hedged, that is, a future payment of πY (t) can be replicated exactly using a combination of cash and equities, as can terminal salary, Y (T ). In such circumstances the market is complete and we can attach a unique price to the stream of future premiums. The market price at time t for the premiums payable between t and T (i.e., their discounted value) can be written as
This market price is the key to the solution of Case 3. This is because it enables us to treat the future premiums as if they were part of the current assets of the pension planW (t) ≡ W (t) + Y (t)πf (t).
We refer toW (t) as the augmented pension wealth (see Boulier et al, 2001, and Deelstra et al, 2000) .
Market completeness also allows us to construct a synthetic asset or mutual fund, R 2 (t), whose dynamics are governed by the SDE
This mutual fund can be used to hedge perfectly the stream of future contribution premiums, since it is perfectly correlated with salary risk.
Pension wealth, W (t), can be continuously replicated by investing a constant proportion
. Let q(t) represent the proportion of augmented pension wealth,W (t), invested at time t in R 1 (t), with the remainder invested in R 2 (t). The holding in R 2 (t) therefore comprises (a) a short holding of −πf (t)Y (t) which will be repaid completely from future premiums, and (b) a positive holding equal to
We can show, by application of Ito's formula, that
Note that the terminal utility can be expressed in terms ofX(T ) as u(
and the optimal expected terminal utility is
It follows that the optimal expected utility differs from Case 1 only because of the inclusion of the present value of the future premiums.
Using V (t, X(t)),the optimal value for q(t) is
Therefore, the amount of pension wealth invested in equities expressed in units of 3.1) and the optimal proportion invested in equities is
We note that stochastic lifestyling is easy to implement in this case, since the only time-varying components of p * (t, X(t)) are (a) the deterministic term f (t) and (b) the stochastic diffusion X(t).
The relationship between these two time-varying components means that p * (t, X(t) ) exhibits what appears to be traditional lifestyle dynamics: that is, it starts high (provided (σ 1 − σ Y 1 )q * /σ 1 > 0) and gradually drifts lower as f (t) decreases and X(t) increases. However, this downward drift is stochastic rather than deterministic and falls to q * + (1 − q * )σ Y 1 /σ 1 rather than to 0 as under traditional deterministic lifestyling.
If we employ the optimal asset allocation strategy then
To illustrate, consider the following set of parameters (which are broadly compatible with UK data over the last century)
The optimal equity mix is illustrated in Figure 1 which shows the dependence of the optimal equity proportion and amount, respectively, on X when T − t = 20. We can see for low values of X(0) that the optimal equity mix is far from its asymptotic value of q Figure 2 shows p * (t, X(t)) in two simulations. In path B values are higher because X(t) is lower and close to 0 for the first few years, causing greater volatility. Both paths clearly show the operation of stochastic lifestyling: the optimal equity proportion varies in a stochastic way from year to year, although it will gradually decline because both t and (in general) X(t) will be increasing. This is why we refer to the optimal strategy as stochastic lifestyling. In contrast, deterministic lifestyling adopts a more risky asset allocation to begin with before shifting in a pre-determined way over, say, the final 10 years out of equities into bonds. Further, with stochastic lifestyling, the equity proportion declines to a non-zero level which depends on both the plan member's degree of risk aversion and the degree of correlation with the plan member's salary. By comparison, the equity proportion falls to zero with deterministic lifestyling, irrespective of the plan member's degree of risk aversion or salary dynamics (see path C in Figure 2 ).
The cost of suboptimality for Case 3
We now consider the cost of various suboptimal asset allocation strategies for Case 3. We begin with a set of strategies that hold p(t, X(t)) constant throughout the investment period. We will show results for
which was found to be optimal for Cases 1 and 2 (and which we denote as the salary-hedged static case), and for
the solution to the classical Merton (1969 Merton ( , 1971 problem with wealth, rather than Y (T ), as the numeraire, and where the potential effect of future premiums is ignored (and which we denote as the Merton-static case).
For a constant p we have
It is not possible to determine the distribution for X(T ) analytically: numerical methods or simulation must be used.
Consider the following four strategies when X(0) = 0, T = 20 and γ = −5 7 and the remaining parameters are given in (2.3.3): the optimal p * (t, X(t)) corresponding to stochastic lifestyling; the static strategies corresponding to equations (2. and (2.3.5), namely p * = 0.375 (salary-hedged static), andp = 0.167 (Mertonstatic), respectively; and the deterministic lifestyle strategy which invests 100% in equities until 10 years before retirement and switches steadily into cash over the last 10 years. The density functions for X(20), given X(0) = 0, are plotted in Figure 3 . The density function in the case of p = 0.375 is slightly more spread out than for p = 0.167 because of its greater distance from the minimum risk portfolio (25% equities). The optimal p * (t, X(t)) delivers a somewhat wider density which reflects the generally higher values for p * (t, X(t)) observed in Figures 1 and 2. The deterministic lifestyle strategy delivers an even more spread out set of results which reflects the generally higher proportion in equities 8 .
Normalised expected terminal utilities are compared in Table 1 9 10 . The cost of suboptimality is calculated as the percentage increase in the contribution rate π needed to match the optimal expected terminal utility. Table 1 : Relative expected terminal utility for various strategies, when RRA = 6, t = 0, T = 20. Expected terminal utilities have been rescaled with the optimal stochastic lifestyle strategy normalised on -100. The cost of suboptimality means the increase required in the contribution rate to match the optimal expected terminal utility.
It can be seen that there is only a small cost to adopting the constant proportion asset mix that accounts for salary-equity correlations (p = 0.375). The Mertonstatic case is worse mainly because it offers a higher risk and lower return than the minimum risk portfolio. Deterministic lifestying is also fairly expensive.
Case 4:
Qualitatively Case 4 is very different from Case 3. In Case 3 we were able to treat future premiums as a quantifiable part of the current assets of the pension fund. In the present case the market is incomplete so that we are unable to borrow against future premiums. In particular if W (t) is allowed to become negative then there is a strictly positive probability that W (T ) will also be negative (i.e., the plan becomes insolvent). This forces us to exclude asset allocation strategies which will allow wealth to become negative. In particular, the optimal strategy for Case 3 is now inadmissible.
We define the general value function
, where X p (t) is the path of X given the asset allocation strategy p = p(t, x). Define P to be the set of all admissible asset allocation strategies, 12 and define
Then V (t, x) satisfies the Hamilton-Jacobi-Bellman equation
In this equation V t , V x etc are partial derivatives of V with respect to t, x etc,
For a given (t, x), we now solve the static supremum problem which results in
The optimal solution for p thus depends on the optimal value function V (t, x), which is found by solving numerically the PDE
and σ
(Recall that µ 
In each plot we give the optimal value function (solid lines) for the terminal utility function V (t, x) for T − t = 10 and 20 years to maturity. We note from this plot that V (t, x) (for t < T ) has a finite limit as
This happens because when X(t) = 0 we will always have X(T ) > 0 because of future premiums and the finite limit for V (t, x) as x → 0 + indicates that X(T ) is not concentrated too close to 0.
14 The corresponding optimal dynamic asset allocation strategies p * (t, x) are plotted in Figure 5 for T − t = 0, 10 and 20 years to maturity. We note that p
However, when we look at the amount invested, we observe (particularly from the bottom graph) that p * (t, x)x → 0 according to √ x as x → 0 + . This is in clear contrast to Case 3 where lim x→0 p(t, x)x > 0. Fortunately, the √ x convergence is exactly what we need to ensure that X(t) never becomes negative (see, for example, Duffie et al., 1997) . It follows that the Case 4 asset allocation strategy is rather more conservative than that of Case 3 (even though it is still optimal to borrow cash) when the fund size is low in order to avoid the risk of bankrupting the fund.
Individual realisations of p * (t, x) against t would look similar to the stochastic lifestyling in Figure 2 . However, the square-root convergence property means that the sample paths have slightly lower equity weightings on average.
The cost of suboptimality for Case 4
Figure 4 also plots the suboptimal value function (dashed line) J(t, x, p) when p = 0.375 for all (t, x) (the limiting value for p * (t, x) as x → ∞). This figure suggests that the differences between the optimal and suboptimal value functions are not too great and diminish as x increases. As with Case 3 we can assess the cost of suboptimality by determining the increase in the contribution rate π needed to match the optimal value. Results for 20 years to maturity are given in Tables 2 and 3 for the chosen parameter set and for γ = −5 (RRA = 6) and γ = 0.5 (RRA = 0.5). Table 2 : Relative expected terminal utility for various strategies when RRA = 6, t = 0, and T = 20. Expected terminal utilities have been normalised so that the optimal stochastic lifestyle strategy is -100. The cost of suboptimality is measured by the increase required in the contribution rate to match the optimal expected terminal utility. Table 3 : Relative expected terminal utility for various strategies when RRA = 0.5, t = 0, T = 20. Expected terminal utilities have been normalised so that the optimal stochastic lifestyle strategy is +100. The cost of suboptimality is measured by the increase required in the contribution rate to match the optimal expected terminal utility.
We can see that the costs of suboptimality for RRA = 6 (γ = −5) ( Table 2) are similar to the equivalent costs in Case 3 ( Table 1 ), including that for the deterministic lifestyle strategy.
However, a comparison between Tables 2 and 3 shows how the costs of suboptimality rise as the degree of relative risk aversion falls. When RRA = 0.5, the static p * equals 1.75 (equation 2.2.1) and the cost of suboptimality is 8.8%. The clear implication of this is that the optimal stochastic lifestyle strategy is much more volatile and varies more with time at lower degrees of risk aversion. Furthermore, when levels of risk aversion are low, an additional cost of suboptimality comes in the form of short-selling constraints. The best unconstrained static strategy invests 175% of pension wealth in risky assets, financed by borrowing 75% of pension wealth at the risk-free rate. With the existing assets available, a noshort-selling constraint (p ≤ 1) raises the cost of suboptimality substantially to 21.8%.
15 However, this is still below the cost of suboptimality of deterministic lifestyling (at 34.5%).
What may we conclude at this stage about the value of stochastic lifestyling? In the case where a plan member is relatively risk averse, this theoretically optimal asset allocation strategy does not add much value in comparison with an appropriate static strategy (that is, one which takes into account salary-equity correlation). On the other hand, other plausible or popular strategies, such as the Merton-static and deterministic-lifestyle strategies, both of which ignore salaryequity correlations, could be moderately costly but not disastrous. However, in the case of a plan member with a low degree of risk aversion, the cost of pursuing suboptimal asset allocation strategies could be substantial. This is because these strategies are 'too static' compared with stochastic lifestyling.
As we shall now see, the costs of suboptimality can be significantly higher in a model with a more general stochastic structure.
A more general stochastic model

The structure of the model
We will now incorporate three extensions to the problem:
• the introduction of a stochastic risk-free nominal rate of interest, r(t);
• extending the investment opportunity set to N risky assets rather than 1;
• the introduction of the replacement ratio 16 as an argument in the terminal utility function.
The components of the model are as follows:
• The risk-free rate of interest is a one-factor diffusion process governed by the time-homogeneous SDE
The cost of this constraint could however be reduced by investing 100% of pension wealth in a highly-geared equity-based mutual fund, rather than in the stock market index itself.
16 The ratio of the initial pension at retirement to the final salary before retirement.
where the Z i (t) are independent, standard Brownian motions. We define σ r (r) = (σ r1 (r), . . . , σ rN (r)) . The value of units in the cash fund at t is then R 0 (t) = R 0 (0) exp t 0 r(s)ds .
• There are N risky assets. The total return 17 on solely in asset i is denoted by R i (t) with
is assumed to be constant as are the market prices of risk, the ξ = (ξ 1 , . . . , ξ N ) . The risk premium on asset i is
• The plan member's salary, Y (t), evolves according to the SDE
where µ Y (t) is a deterministic function of time, the σ Y j 's are constants and
• The value of the plan member's pension fund is denoted by W (t) and has the SDE
where Z(t) = (Z 1 (t), . . . , Z N (t)) and p(t) = (p 1 (t), . . . , p N (t)) are the proportions of the fund invested in the various risky assets.
In this problem the control variable is p(t). The set P will be used to denote the set of all admissible controls, p(t). Initially, we will not impose any constraints on p(t).
• At the time of retirement at age ζ the fund is used to purchase a pension at the prevailing market rate for life annuities, a(T, r(T )). For example, for a level annuity of 1 unit per annum payable continuously we have (for a general retirement date t)
is the price at time t of a zero-coupon bond maturing at time τ when the risk-free rate of interest at time t is r.
-φ ζ (t, s) is the probability of survival from time t to t + s for a life aged ζ at time t. We assume that φ ζ (t, s) is known at time 0.
The annual pension purchased at T is, therefore,
.
• We assume the plan member's terminal utility depends on both his final salary and his pension wealth at retirement. We will focus on two special cases: (a) the ratio of terminal pension wealth to final salary, X(T ) =
W(T)/Y (T ), and (b) the replacement ratio, H(T ) = P (T )/Y (T ) = X(T )/a(T, r(T )). Thus terminal utility will be of the form u X(T ), r(T ) ≡ u X(T ) or u X(T )/a(T, r(T )) .
Expected terminal utility is then given by
where X p (t) is the path of X(t) given the strategy p.
As with Section 2 our aims are twofold. The first is to determine both the plan member's optimal expected terminal utility, that is, to find (t, x, r; p), (3.1.2) and the strategy p which attains this maximum. The second is to evaluate the performance of a variety of popular asset allocation strategies relative to this theoretical benchmark.
Given the wealth to salary ratio, X(t) = W (t)/Y (t), a straightforward application of the product rule gives us the SDE
The Hamilton-Jacobi-Bellman equation
Our approach to solving the optimisation problem (equation 3.1.2) is to use the Hamilton-Jacobi-Bellman (HJB) equation. The HJB equation for this problem is (see, for example, Merton, 1969 , 1971 , 1990 , Korn, 1997 , Øksendal, 1998 , or Bjørk, 1998 )
This is solved in two stages (see, for example, Bjørk, 1998) . First, we perform the static maximisation of the expression {. . .} in equation (3.2.1) for each (t, x) to find the optimal p * (t, x, r) = p * (t, x, r; V ) as a function of V (t, x, r). Second, we insert p * (t, x, r; V ) into the HJB equation (3.2.1), remove the supremum and solve the consequent PDE in V (t, x, r).
Theorem 3.2.1
The optimal asset allocation strategy takes the form
Proof
We differentiate A p V in equation (3.2.1) with respect to p and equate to zero. Assuming V xx < 0 for all (t, x), this will be a maximum. The result follows immediately.
P
Let us consider the composition of p * (t, x, r; V ) in equation (3.2.2) in terms of three efficient portfolios or mutual funds which we denote p A , p B , and p C .
Suppose that π = 0. Then dX(t)/X(t) has an expected value of m(p) = p C(ξ − σ Y )−μ Y (t) and an instantaneous variance of v(p) = σ where D = CC . Now minimise v(p) over p:
Next minimise v(p) over p subject to m(p) = m, using the method of Lagrange multipliers, with
The important point to note is that the optimal portfolio p * (m−m A ) is a weighted average of the minimum-variance portfolio p A = C −1 σ Y (with weight 1 + ψ) and another efficient portfolio p C = C −1 ξ (with weight −ψ). Therefore,
Now consider H(t) = X(t)/a(t, r(t)) where a(t, r(t)) is defined in equation (3.1.1). Since a(t, r(t)) is a function of r(t) only, we can write (using Ito's formula) da(t, r(t)) as a(t, r(t)) − d a (r)dr(t) +
dH(t) = H(t) (p C(ξ − σ Y ) −μ Y (t)) dt − σ Y 0 dZ 0 (t) + (p C − σ Y )dZ(t) +d a (r) µ r (r)dt + σ r (r) dZ(t) + d a (r) 2 − 1 2 c a (r) σ r (r) σ r (r)dt + d a (r) (p C − σ Y ) σ r (r)dt = D
H(t) m(p, r)dt + v(p, r)dZ , whereZ(t) is a Brownian motion, =
D means 'equivalent in distribution', m(p, r) = p C(ξ − σ Y ) −μ Y (t) + d a (r)µ r (r) + d a (r)(p C − σ Y )σ r (r) + d a (r) 2 − 1 2 c a (r) σ r (r) σ r (r) and v(p, r) = σ 2 Y 0 + σ Y σ Y + p Dp − 2p Cσ Y + 2d a (r)p Cσ r (r) −2d a (r)σ Y σ r (r) + d a (r) 2 σ r (r) σ r (r).
Now, minimise v(p, r) over p:
18 ⇒ 2Dp − 2Cσ Y + 2d a (r)Cσ r (r) = 0 ⇒ p = C −1 σ Y − d a (r)σ r (r) = p B , say. Let m B = m(p B , r). Next, minimise v(p, r) over p subject to m(p, r) = m. Let p B (m−m B )
be the optimal p for this problem. Let L(p, ψ) = v(p, r)+2ψ(m(p, r)− m).
Therefore,
As before we see that the optimal asset allocation strategy, p B (m B − m, r), is a weighted average of the minimum variance portfolio, p B , and the more risky, but still efficient, portfolio, p C , derived earlier.
Theorem 3.2.2 [Three-fund theorem]
The optimal asset mix, p
* (t, x, r; V ) (equation 3.2.2), at any given time, consists of investments in three efficient mutual funds as follows:
We interpret (3.2.3) and (3.2.4) as follows. The optimal weight in risky assets is equivalent to investing in three efficient mutual funds denoted A, B and C. The three mutual funds can be interpreted as follows:
A: Fund A is the minimum-risk portfolio measured relative to the salary numeraire, Y (t), and its purpose is to hedge salary risk. Asset proportions are given by the vector p A (with
. The fund will be dominated by cash (and contain 100% cash if salary growth and asset returns are uncorrelated, but also contain other assets if salary growth is correlated with their returns) and so we will refer to Fund A as the 'cash' fund.
B: Fund B is the minimum-risk portfolio measured relative to Y (t)/a(t, r(t))
and its purpose is to hedge annuity risk. Asset proportions are given by the vector p B (with
. The fund will be dominated by bonds whose returns are highly correlated with annuity yields and so we will refer to Fund B as the 'bond' fund.
C: Fund C is a risky portfolio which is efficient when measured relative to both Y (t) and Y (t)/a(t, r(t)). Asset proportions are given by the vector p C (with
. The fund will be dominated by equities and we will refer to it as the 'equity' fund: its purpose is to satisfy the risk appetite of the plan member.
Mutual funds A and C (equation 3.2.4) maintain constant proportions in each of the N + 1 assets. The equivalent proportions in fund B will vary over time, but only in response to changes in r(t) rather than, separately, to changes in t or X(t). However, the proportions of the pension fund as a whole invested in each of the three mutual funds (that is, θ A (t, x, r), θ B (t, x, r), θ C (t, x, r) ) depend on all of t, X(t) and r(t), according to the equations (3.2.4). As in Section 2 the stochastic time paths of θ A (t, x, r), θ B (t, x, r) and θ C (t, x, r) means that the optimal asset allocation strategy can usefully be described as stochastic lifestyling.
Remark 3.2.3
The term θ C is equal to the reciprocal of the degree of relative risk aversion.
It follows that (a) since relative risk aversion is positive (but possibly dependent upon t and x), the investment in portfolio C is necessarily positive and (b) if relative risk aversion is constant, it will be optimal to invest a constant proportion in the risky portfolio C −1 ξ over time.
Remark 3.2.4
The three portfolios, p A , p B and p C , do not depend upon the level of non-hedgeable salary risk, σ Y 0 . However, the precise mix might depend upon σ Y 0 through its effect on V (t, x, r).
We will see how this mix varies stochastically in the numerical example later in this section.
Corollary 3.2.5
Suppose that V (T, x, r) = K (x/a(T, r)), that is, the terminal utility is a function of the pension as a proportion of final salary (replacement ratio) achieved at time T . Then θ A (T, x, r) = 0 for all x, r.
Proof:
At t = T, we find that:
It is then straightforward to confirm that θ A (T, x, r) = 0.
P
This result shows what happens to the asset allocation when the plan member is concerned about receiving a pension at retirement, rather than a cash lump sum. Although in general prior to retirement, part of the pension wealth will be invested in fund A, as the retirement date approaches, the weight in fund A is reduced to zero. The exception to this result occurs if the pension plan is funding for a cash lump sum at retirement rather than a pension. In this case d a (r) = 0 for all r and portfolios A and B are identical.
Conjecture 3.2.6
As T − t tends to infinity θ B (t, x, r) tends to zero.
We make this conjecture on the following basis. The further we are from retirement the less able are we to predict what interest rates will be at the time of retirement. This means that V r and V xr are likely to tend to 0 as T − t increases. For a specific example where the conjecture is true, see Section 3.4.1 and Equation (3.4.7).
Let us return briefly to the solution of the HJB equation (3.2.1). Recall the solution for p * given in equation (3.2.2). This implies that
which we now insert into equation (3.2.1) to give us
We next simplify equation (3.2.5) by collecting terms:
We also need a boundary condition for this PDE given by V (T, x, r) = u(x, r). So far in this section we have derived general results which do not depend upon a specific form for u (x, r) . In what immediately follows, we we will narrow our analysis to terminal utilities which are power utilities in x, while keeping a more general function form in r: that is,
for some general function g(T, r). A full power utility function will be employed in the numerical example in Section 3.4.1.
We are now in a position to discuss two of the four cases analysed previously in Section 2. Case 2 (π = 0, σ Y 0 = 0) and Case 4 (π > 0, σ Y 0 = 0) involve a type of computational analysis which is sufficiently different and sufficiently extended to justify a separate paper. 
Case
(3.3.1)
The boundary condition for g(T, r) is defined as {γV (T, x, r)x
Proof: See Appendix.
Corollary 3.3.2
By the Feynman-Kac formula (see, for example, Bjørk, 1998) there exists a probability measure
wherer (s) is governed by the SDE
where |σ r (r(s))| is the modulus of σ r (r(s)),Z(s) is a standard, one-dimensional Brownian motion under the artificial measure Q(γ),
Consider the optimal asset mix. The general form for V (t, x, r) reveals immediately that the proportion of the fund invested in portfolio p C is constant: that is, θ C (t, x, r) = 1/(1 − γ) for all (t, x, r) . The proportions θ A and θ B invested in p A and p B , respectively, will depend upon t and r but not upon x. In particular, we note that since E Q(γ) [g(T,r(T ))|F t ] depends upon the particular model chosen for r(t), so will θ A (t, x, r) and θ B (t, x, r).
Suppose also that r(t) is stationary and ergodic under Q(γ) and that E Q(γ) [g(T,r(T ))|F t ] → constant and is finite as T − t → ∞. Then, as T − t → ∞, g(T, r(t))/D(t, T ) → constant for all r(t).
It follows that the proportion, θ B (t, x, r), invested in p B tends to 0 as T − t → ∞ (Conjecture 3.2.5).
On the other hand, if the plan is funding for a cash lump sum at T , rather than a pension, then g(T, r) ≡ 1 and θ B (t, x, r) ≡ 0 for all (t, x, r) (see equation (3.2.4)).
Case 3:
Since salaries are hedgeable we can attach a unique price to future pension contributions. Let Q be the risk-neutral pricing measure under which the N risky assets have the dynamics
and where theZ j (t) are independent standard Q-Brownian motions. Also we have under Q
The market value at time t for future premiums payable between t and T is then
Theorem 3.4.1
γ where g(t, r) satisfies the PDE (3.3.1) with boundary condition g(T, r) = γV (T, x, r)x −γ .
Proof:
We only need to note that the optimal strategy is composed of two parts.
At time t:
A: hold −πY (t)f (t) in the replicating portfolio which will be paid off exactly by future premiums; 29 B: invest the surplusW (t) = W (t) + πY (t)f (t) in portfolios p A , p B and p C in the same proportions θ A , θ B and θ C as in Case 1 where π = 0 and σ Y 0 = 0.
This will produce the same expected terminal utility as the single premium Case 1. Any other strategy will generate a lower value.
P
A numerical example using the Vasicek model
Let us now illustrate how the optimal asset allocation strategy varies with (t, x, r) for a specific example. Again for simplicity assume that π = 1.
We will now use the Vasicek (1977) model for r(t), which will allow us to derive tractable results. Further, bearing in mind the three-fund theorem above, we can restrict the asset allocation to three mutual funds, a cash fund, a bond fund and an equity fund. Thus we will take
with σ r2 = 0. The parameter values in our model will be α r = 0.25, µ r = 0.06, σ r1 = −0.02
From the structure of C and σ r we see that R 1 (t) is the bond fund and that R 2 (t) is the equity fund.
For simplicity, we will assume that a (t, r(t) ) is of the form exp
]. This will keep things tractable without seriously altering the qualitative observations in our example. We will assume that d 0 = 3 and d 1 = 3.5 (which implies that a(t, r(t)) behaves like a zero-coupon bond with 8.318 years to maturity).
It follows that
Now, under the artificial measure Q(γ) dr(s) =μ r (r(s))ds + σ r1 dZ(s) whereμ r (r) = α r (μ r − r)
We will now take the terminal utility function
We will make the final parameter choices as follows:
Then the various quantities defined in equation ( 
, is normally distributed with
(1 − γ)
2α r and B(γ, τ ) = γd 1 e −αrτ .
Hence g(t, r(t))
(3.4.5)
This implies that
These equations give us explicit formulae for the stochastic lifestyle strategy. In (3.4.7), θ A (t, x, r) has been written in a way which highlights the two components to investments in p A . First, we have a short holding of −πf (t) which will be paid off precisely by the future premiums (since we have a complete market). Second, we have the augmented wealth X(t) + πf (t) which is invested in fixed proportions in p A , p B and p C which vary with the term to maturity only 20 .
To complete the numerical example we note from equation (3.4.1) that:
Examples of five scenarios are plotted in Figure 6 for this parameter set, together with π = 1 and γ = −5 (RRA = 6). The top graph in this figure shows the wealth-income ratio, X(t), while the middle graph shows the replacement ratio that could be achieved with the current fund, current income and current annuity rates (that is, X(t)/a(t, r(t))). The five paths in the top two graphs give us an indication of the general spread of results. The minimum admissible fund size for the avoidance of insolvency (−πf (t)) is also plotted for reference and we can see that the actual fund size is always comfortably above this at all times on all sample paths. Compared with the top graph, the five paths in the middle graph are less spread out and smoother as the maturity date approaches because annuity risk is being hedged.
This observation is clearer in Figure 7 where we consider an extremely risk averse plan member. Since the market is complete in this case the plan member is both willing and able to target a specific replacement ratio with certainty. This means that in the middle graph the sample replacement ratios, X(t)/a (t, r(t) ), all converge to the same point at T = 20. At intermediate times, t, they are more spread out because the investment strategy is targeting for certainty at T = 20 rather than t < T . This plot demonstrates the importance of 'seeing the strategy through to its conclusion'. In the top graph in Figure 7 the tightness of the sample paths up to t = 10 reflects the dominance of Fund A in the asset allocation strategy (as shown in the bottom graph). It is only when the strategy switches to Fund B that X(t) starts to show significant variability. This is because Fund B is risky relative to the salary numeraire, Y (t). In contrast, when risk aversion is low, then
X(t)/a(t, r(t)) does not converge as t → T (Figure 6 middle graph).
In the bottom graph in Figure 6 we have selected the bold scenario in the upper graphs in order to show how the asset allocation strategy varies over time. The stochastic-lifestyle nature of the strategy is evident. Initially, when X(t) is small there is considerable short-selling of the cash fund A (in other words borrowing cash) in anticipation of future premiums. Also for small t the asset mix shows a fair degree of randomness (which is different for each of the 5 scenarios). This is because the asset mix is most sensitive to changes in x when x is small, which will usually be when t is small. Later on the asset mix seems to follow a relatively smooth path, when X(t) is larger. For clarity, only one sample path has been plotted in the bottom graph. When we plot several sample paths, say, for θ C (t) we find that as t is closer to T the sample paths get much close together. For example, for the 5 sample paths plotted, θ C (5) ranged from 0.44 to 0.78, whereas θ C (15) ranged from 0.19 to 0.21.
In Table 4 we give numerical results for different levels of risk aversion (RRA = 1, 6, 12 corresponding to 21 γ = 0, − 5, − 11) and policy durations (T = 20, 40 years). For each (γ, T ) combination we have considered seven asset allocation strategies:
• Optimal stochastic lifestyle strategy, p * (t, X(t), r(t)).
• Salary-hedged static strategy (S). This is the strategy
p(t, X(t), r(t))
= −γ 1 − γ p B + γ 1 − γ p C for
all (t, X(t), r(t)).
This is the limiting value of p * (t, X(t), r(t)) as t → T and takes account of the correlation between salaries and the risky assets as well as the conversion of pension wealth into an annuity at T .
• Merton-static strategy (M). This is the static strategy
p(t, X(t), r(t))
= γ 1 − γ p C for
all (t, X(t), r(t)).
This is the classical Merton strategy which does take account of the relative risk aversion RRA = 1 − γ but does not make allowance for salary-equity correlation or the pension conversion.
• Deterministic lifestyle strategy. The general lifestyle strategy invests 100% in equities (Fund C) until τ = 10 or 5 years before retirement. Over the final τ years the equity investments are gradually switched wholly into bonds (Fund B) or wholly into cash (Fund A). The four strategies are labelled B for a switch into Fund B or A for Fund A; and by the length of the switching period (5 or 10 years).
In each sub-table ((a) to (f)) there are two rows of numbers. In the first row we give the expected terminal utility. For convenience these have been rescaled so that the optimal value is +100 or -100 (depending on whether the raw value 
Proportion of fund Table 4 : Relative expected terminal utility for different values of γ and duration of contract, T . Expected terminal utilities have been normalised so that the optimal stochastic lifestyle strategy is +100 or -100 (for γ > 0 or γ < 0 respectively).
Cost is the cost of suboptimality: the increase required in the contribution rate to match the optimal expected terminal utility.
is positive or negative). In the second row we give the cost of adopting the suboptimal strategy relative to the optimal one. For example, in Table 4 (a) the static strategy S has a cost of 37.9%. This means that the plan member would have to pay a contribution rate of π = π × 1.379 or 13.79% in order to get the same expected terminal utility as the theoretical optimum.
We can make the following observations:
• The cost of suboptimality is generally higher than we found in the simpler model with deterministic interest rates. In particular, the gradual switch from cash into bonds which occurs in the optimal strategy adds significant value.
• The cost is higher for longer maturity dates.
• The costs of suboptimality vary substantially as we move from one level of risk aversion to another but often vary in a non-monotonic way. For example, strategy B-5 with T = 40 has costs of 196.7%, 40.4% and 97.2%. There are two reasons for this variation with the RRA. First, the deterministic strategy might give a reasonably good approximation to p * (t, x) for certain values (e.g. medium) of γ. The more accurate the approximation the lower the cost of suboptimality. (For example, static strategy S is always a better approximation than the determinstic lifestyle strategies.) Second, the general increases in the cost of suboptimality when RRA = 12 reflect the more severe penalties that apply when there is even a small deviation from the optimal strategy.
• When RRA = 1, the static strategies S and M are almost identical, so that the costs are almost equal.
• When RRA = 1, the costs of suboptimality are highly significant. This follows for two reasons. First, the stochastic lifestyling strategy varies substantially over time, so that even the best, unconstrained static strategy looks very poor. Second, the low RRA implies that it is optimal most of the time to be very short in cash (even strategies S and M are -100% in cash). Deterministic lifestyle strategies implicitly have a no-short-selling constraint. This constraint can be mitigated somewhat by permitting the use of highly-geared mutual funds: a 200% investment in equities (which is not permissible) might then be equivalent, say, to a 100% investment in a highly-geared fund (which is permissible).
• When RRA = 12, determinstic lifestyle strategies are also very poor. The reason is because the initial 100% equity investment is far too high for such highly risk-averse individuals.
• When RRA = 6, we see that the costs of suboptimality are not so great, although still significant. The differences between T = 20 and T = 40 suggest that the critical period is the first 20 years.
• The Salary-hedged static strategy, S, always outperforms significantly the deterministic lifestyle strategies. This indicates the importance of taking into account the plan member's personal salary profile rather than selling a standard 'one-size-fits-all' asset allocation strategy.
• The B-5 and B-10 strategies are all superior to the corresponding A-5 and A-10 strategies. This indicates that the plan member's preference for a pension at retirement over a cash lump sum needs to be matched by a switch into long-dated bonds before retirement (B strategies) rather than cash (A strategies).
• Finally, we note that the determinstic lifestyle strategies are the worst strategies of all.
3.5 Case 2: π = 0, σ Y 0 = 0 and Case 4:
Numerical analysis of these cases is beyond the scope of the present paper and will form the basis of further work. However, we conjecture that the outcomes would be a combination of what we have already observed in both the deterministic and stochastic r(t) models: namely,
• investment will be in the same three funds p A , p B and p C (already proved);
• investment in the equity fund, p C , will be robust relative to the funding objective (that is, whether to fund for a pension at retirement or for a cash lump sum);
• the optimal strategy will switch from the cash fund, p A , to the bond fund, p B , to hedge the annuity-rate risk;
• the optimal strategy will require some short selling of the cash fund when X(t) is close to 0, but there will be O(1/ √ x) convergence rather than O(1/x) convergence as x → 0 (as with the deterministic r model);
• in particular, the optimal strategy in Case 3 will be inadmissible in Case 4 as it will permit the fund value to go negative;
• assuming similarity in Case 4 with Tables 1, 2 and 3, the costs the the policyholder of adopting suboptimal deterministic strategies will probably be similar to those in Table 4 .
Conclusions
Stochastic lifestyling has at least two advantages over deterministic lifestyling in respect of defined contribution pension plans: it takes into account both the plan member's attitude to risk and the correlation between his salary and asset returns. It is implemented using three efficient mutual funds, resembling investment in cash, bonds and equities, respectively. The equity fund is regarded as high risk and its purpose is to satisfy the risk appetite of the plan member. The cash and bond funds are regarded as low risk, but serve different purposes during different stages of the accumulation phase. In the early stages of the plan, the cash fund is the dominant low-risk component of the investment strategy, while in the later stages, as the retirement date approaches, the bond fund provides a good hedge for annuity-rate risk. These investments are then refined by adjusting the hedging portfolios to account for correlations between salary and asset risk over the life of the plan 22 . The switch between the cash and bond funds is a typical feature of a lifestyle strategy. However, instead of switching from high-risk assets to low-risk assets, as in the case of deterministic lifestyling, the optimal stochastic lifestyle strategy involves a switch between different types of low-risk assets.
The optimal proportion of augmented wealth (existing assets plus the present value of promised future contributions) in risky assets (the equity fund) remains fixed throughout the life of the plan. The dynamic path of the equity fund proportion will be similar regardless of whether interest rates are stochastic or deterministic, or whether the pension plan is intended to deliver a pension or a cash lump sum at retirement. This is a consequence of adopting a constant relative risk aversion utility function.
In contrast, the low-risk components of the investment strategy (that is, the weights in the cash and bond funds) behave in a qualitatively different way depending on whether interest rates are deterministic or stochastic. In a deterministic interest rate environment with high risk aversion, stochastic lifestyling does not add much value compared to an appropriate static strategy (that is, one which takes into account the salary-equity correlation) and adds only a little extra value compared with other plausible or popular strategies such as Merton-static and deterministic-lifestyle strategies that ignore salary-equity correlations. The costs of supoptimal strategies increase as risk aversion falls, however.
In a stochastic interest-rate environment, the costs of ignoring the interest-rate risk attached to the future pension annuity can be substantial, regardless of whether risk aversion is high or low 23 . For example, for a very risk-averse plan member, we found that the optimal asset allocation strategy delivers the final pension with a high degree of certainty over the pension annuity. In a deterministic interest rate environment, this is because the entire pension fund is held in the salary-hedging cash fund for the entire accumulation phase. However, a failure to switch dynamically between the cash and bond funds in a stochastic interest-rate environment could be very costly for a highly risk-averse individual, because it is precisely the dynamic element in the strategy which delivers certainty in the replacement ratio at retirement.
Many pension plans offered by commercial providers, such as life assurers, do indeed make use of long-dated bonds in their asset allocation strategies. However, they do not tend to make any use of a low-risk cash fund in the early stages of accumulation. We have shown that by doing so, they could significantly improve the welfare of their clients.
A stochastic lifestyle strategy is straightforward to implement. If the investment opportunity set and the plan member's attitude to risk are unchanging, all but two of the parameters needed to operate the strategy are predetermined and the values of the two stochastic variables required (namely the ratio of current pension wealth to the plan member's current salary and the risk-free rate of interest) are easy to measure.
The optimal asset allocation strategy does, however, require the borrowing of substantial amounts of cash in the early stages (to be repaid from contribution inflows over the remaining life of the accumulation programme). In the real world, this might be either impractical or unacceptable to the regulatory authorities. For fairly risk-averse plan members (that is, for those with a relative risk aversion of around 6), short selling of the cash fund is only an issue early on when the level of pension wealth is low. So it is unlikely that the presence of a short-selling constraint would seriously disadvantage a plan member with this level of risk aversion. For less risk-averse plan members, however, a short-selling constraint is much more costly, although this costliness could be mitigated in part by the use of highly geared equity mutual funds.
Finally the following extensions to the current study suggest themselves: (a) developing numerical results for Case 4 with stochastic interest rates, although we conjecture that the results will be similar to those reported in Table 4 , (b) allowing for a more general model determining salary growth, e.g., letting µ Y (t) be stochastic, and (c) considering more general utility functions, such as Epstein & Zin (1989) .
